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Abstract:  The fourier solution proposed by Duchateau and Zachmann for deriving the general equations for states and 

controls was applied to the problems of one dimensional quadratic functionalMin ∫ [z,u] =Min 


0
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0

1
 

    txztxu ,, 22  dxdt  and the finite element technique used on the resulting system to obtain the states, 

controls and the cost functional at different levels of discretization up to ten nodal points. The numerical solutions 

depict increase in the cost functional as the space dimension increases while as the number of elements increase, 

the controls get smaller among other things. 
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Introduction 

Solutions of wave equations with energy effects have been 

considered by many authors over the period, such as Binder 

(1911), Reju (1995), Schmidt (1924), and Bawa (2013). In 

this work, the procedural steps applied is in a manner similar 

to that of Bawa (2013) in order to obtain the extremals-

control     
), state (    

)and the cost functional (    
) at 

different level profile up to ten nodal points. In theoretical 

physics and engineering, partial differential equations 

generally arise from the mathematical formulation of real life 

physical problems as in Raisinghania (2010). 

 
Statement of the Problem 

Cases of manageable energy losses can be modeled as a 

combination of the wave and energy equations simply; this is 

considered as wave equation with energy effect or energized 

wave equation. According to pain (1976), the one-

dimensional wave equation with energy effect is given by: 
∂2z(x,t)

∂x2   = 
1

C2 
∂2z(x,t)

∂t2   + 
1

d
 
∂z(x,t)

∂t
   (1) 

Where: C and d are the material property Constants namely 

the wave velocity and energy, respectively. 

 

The wave part is: 
∂2z(x,t)

∂x2   = 
1

C2 
∂2z(x,t)

∂t2    (2) 

 

And the energy part is: 
∂2z(x,t)

∂x2   = 
1

d
 
∂z(x,t)

∂t
    (3) 

 

The optimization problem under consideration is:  

  Min ∫ [z,u] =Min 


0

1
 


0

1
     txztxu ,, 22  dxdt     (4) 

Subject to:  

 
∂2z(x,t)

∂x2   + 
∂z(x,t)

∂t
  = 

∂2z(x,t)

∂x2   + u(x,t) (5) 

 

With boundary and initial conditions: 

 Z(0,t) = z(1,t) = 0 ; 0≤ t ≤ 1 

 Z (x,0) = Zo(x);  0≤ x ≤ 1 

Where: u(x,t) is the Control or input function. 

 

Writing the Hamiltonian for (4) and (5), similar to that of 

Singh and Titli (1978), we have: 

 H = Z2 (x,t) + U2(x,t) + λT [ 
∂2z(x,t) 

∂x2   + u(x,t) ]   (6)  

Where: λT= λT(t) 

 

Setting: 

F[z(x,t),u(x,t)] = 
∂2z(x,t)

∂x2   + u(x,t) 

And:  

g[(z(x,t),u(x,t)] = z2 (x,t) + u2(x,t), consequently, we have the 

first order necessary conditions for optimization as: 
∂z(x,t)

∂t
  =  

∂H(x,t)

∂λ
  = 

∂
2
z(x,t)

∂x
2   + u(x,t) = F[z(x,t),u(x,t)]   (7) 

∂λ

∂t
  = - 

∂H

∂Z
  = - [

  

  
]
 

 - 
∂g

∂z
 = -2z (x,t)     (8) 

∂H

∂u
 = 0 

Or     [
∂f

∂u
 ]  +

∂g

∂u
 = 0   (9) 

Where: H = g(z,u) + λT(t) f (z,u) 

 

Equation (9) gives: 

λ+ 2u (x,t) = 0    (10) 

or λ= -2u (x,t) 

Using equations (8) and (2.10), gives: 
∂λ

∂t
  = 

2∂u(t,x)

∂t
  = -2z(x, t), 

Which implies that: 

Z(x,t) = -  
∂u(t,x)

∂t
     (11) 

 

Equation (11) is here of physical significance under the 

conditions for optimality and it expresses the relationship 

between the temperature and the heat source at any point x of 

the unit propagating rod of our diffused model. Moreover, 

(11) is in this case treated as a differential transform of any 

previous known solution of the wave diffusion equation. 

Assuming that (11) admits the Fourier solutions proposed by 

Duchateau and Zachmann (1986). 

 Z(x,t)  ∑     )       
    

u(x,t)  ∑     )      
 
     (12) 

 

Then, the new solution obtained is as:  

      )   
 

  
[∑      )      

 
   ] 

 = ∑       )      
 
      (13) 

 

It follows that: 
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    )           ) 
 

And: 

        )   ∑       )      

 

   

 

         )   ∑        )      

 

   

                      ) 

         )   ∑      )     )      

 

   

 

     )   ∑      )      

 

   

 

 

From our constrained equations: 

        )          )            )        ) 
 

This implies that: 

∑       )      

 

   

    ∑      )      

 

   

 

 

  ∑      )     )      

 

   

    ∑     )      

 

   

 

 

Thus, we have:  

                          
 

Now, the problem can be put in the form: 

    ∫ [            ]    ∫ [               ]    
 

 

 

 

 

 ∫
[                ]                     )    

 
 

 

Subject to the set of equations below: 

                            
 

                            

 .  . 

 .  . 

 .  . 

                                      ) 

 

 

Computational Results 

System (16) is now solved applying the finite element 

technique as in Rao (1989) and Bawa (2013). The elements 

characteristic matrices and vectors are obtained and the 

overall equations given as 
[ ]  

       (17) 

Where: K is the characteristic matrix and    is the 

characteristic vector. This is solved and the values of the 

states, controls and cost functional obtained up to ten nodal 

points as presented on the table of results below 
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Conclusion 

The optimal control, optimal state and the optimal cost 

functional at varied plane profile n=1 through n=10 were 

obtained. The numerical solutions depict steady increase in 

the cost functional as the space dimension increases while the 

controls get smaller as the number of elements increase. The 

controls maintain symmetry along their minimum points at 

various levels of discretization. The states always shrink at the 

second node. This result will enhance further computational 

processes towards the derivation of the optimal control, state 

and cost functional at various spatial planes. 
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